THE METHOD OF THUE-SIEGEL FOR BINARY QUARTIC 

FORMS 

SHABNAM AKHTARI 

Abstract. We will use Thue-Siegel method, based on Pade approxima- 
tion via hypergeometric functions, to give upper bounds for the number 
of integral solutions to the equation \F{x,y)\ = 1 as well as the in- 
equalities \F{x, y)\ < h, for a certain family of irreducible quartic binary 
forms. 

1. Introduction 

In 1909, Thue ^20j proved that if F{x,y) is an irreducible binary form of 
degree at least 3 with integer coefficients, and h a nonzero integer, then the 
equation F{x, y) = h has only finitely many solutions in integers x and y . 

In this paper we will consider irreducible binary quartic forms with integer 
coefficients, i.e. polynomials of the shape 

F{x, y) = aQx"^ + aix^y + a2X^y^ + a^xy^ + a^s^y^. 

The discriminant D of F is given by 

D = Dp = ao(ai — a;2)^(ai — a^)'^{ai — ai)'^{a2 — a^Y{a2 — a4)'^{a^ — 04)^, 

where ai , 0^2, as and are the roots of 

F{x, 1) = aQX^ + aix^ + a2X^ + a^x + a^. 

Here, we will recall some well-known fact about the invariants of quartic 
forms. We refer the reader to |9j for more details. The invariants of F form 
a ring, generated by two invariants of weights 4 and 6, namely 

I = Ip = a\ — Saifla -|- 12aoa4 

and 

J = Jp = 2a\ — 9aia2'23 + 27a^a4 — 72aoci204 + 270003. 

These are algebraically independent and every invariant is a polynomial in 
/ and J. For the invariant D, we have 

21D = 4/^ - J2. 
2000 Mathematics Subject Classification. 11D25, 11D45. 

Key words and phrases. Quartic Thue equations, Thue-Siegel method, Hypergeomet- 



2 



SHABNAM AKHTARI 



In what follows, we will just consider the forms F for which the quantity 
Ji? is 0; i.e. for which we have 

27D = 4/3. 

Let h he a positive integer. The number of solutions in integers x and y 
of the equation 

(1) \F{x,y)\ = h. 

will be the focus of our study in this paper. In Section [21 we will show that 
to apply a classical theorem of Thue [20] from Diophantine approximation 
to a quartic form F, one needs to assume Jp = 0. 

Theorem 1.1. Let F{x, y) be an irreducible binary quartic form with integer 
coefficients and positive discriminant that splits in M.. If Jp = 0, then the 
Diophantine equation \F{x, y) \ = 1 possesses at most 12 solutions in integers 
X and y (with {x,y) and (— x, —y) regarded as the same) . 

In Section [TTl we will summarize the result of our computations for bi- 
nary forms with small discriminant. We will give some examples for quar- 
tic binary forms F{x, y) satisfying the hypotheses of Theorem 11.11 where 
\F{x,y)\ = 1 has 4 or 3 solutions in inegers x and y. The author is not 
aware of any quartic binary form F for which \F{x,y)\ = 1 has more than 
4 solutions. 

In [3] different methods are used to give an upper bound 61 upon the 
number of integral solutions to the equation \F{x,y)\ = 1, where F is an 
irreducible binary quartic form with no restriction on the value of Jp and 
with \Dp\ large enough. Moreover, it is shown in [3j that if the irreducible 
binary quartic form F splits in M and have large discriminant, the Dio- 
phantine equation \F{x,y)\ = 1 has at most 36 solutions in integers x and 

y- 

Theorem 1.2. Let F{x, y) be a reduced irreducible binary quartic form with 
integer coefficients and positive discriminant that splits in M. // Jp = 0, 
then the inequality \F{x,y)\ < h possesses at most 12 co-prime solutions 
{x,y), with \y\ > j0^- 

The definition of a reduced form is given in Section [3l It turns out that 
each quartic binary form is equivalent to a reduced one (see [9J). 

One reason for us to be interested in these results, despite what are 
apparently quite serious restriction upon F, is that we know important 
families of quartic forms with these properties. For example a solution to 
the equation aX^ — bY"^ = 1 gives rise to a solution to the Thue equation 
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where ti\t. We have apphed the methods of this paper to treat the above 
Thue equation in [1]. 

The method of Thue and Siegel based on Pade approximation to binomial 
functions apphes to broad famihes of binomial Thue equations, and both so- 
called " quantitative" results (see the works of Evertse [TOl [12] , for example) 
as well as effective results (via effective irrationality measure from Baker 
[U [5] onwards) can be obtained from it. This method has also been used to 
study binary cubic forms with positive discriminant, for decades (see |llj . 
[^). In 1939, Krechmar [13] showed that when the discriminant of quartic 
form F{x,y) is sufficiently large ( Dp ^ /i^^^/^), the equation ([T]) has at 
most 20 solutions in integers x and y, provided that Jp = and all roots of 
F{x, 1) are real numbers. We will use a refinement of Thue-Siegel method 
by Evertse fTT] to obtain our results. 

2. The Method Of Thue-Siegel 

The main purpose of this section is to explain why we need the restric- 
tion Jp = in the statements of our Theorems. The answer is hidden in 
the method we use, the method of Thue-Siegel. The relationship between 
a system of approximations to an arbitrary cubic irrationality and Pade 
approximations to v^l — x was first established by Thue [21]. Siegel [T5| [16] 
identified approximating polynomials in Thue's papers [2T1 122] with hyper- 
geometric polynomials and applied this method to bounding the number 
of solutions to Diophantine equation f{x,y) = k, for certain binary forms 
f{x,y) of degree r. He also established bounds for the number of solutions 
to 

ax" - by"^ = c, 

where n > 3 [T7] . 

Lemma 2.1. Suppose that P{x) is a polynomial of degree n and there is a 
quadratic polynomial U{x) such that 

(2) U{x)P"{x) - (n - l)U'{x)P'{x) + ^ '-U"{x)P{x) = 0. 

2 

Let 

Y{x) = 2U{x)P'{x) - nU'{x)P{x) 

and 

r?2 - 1 

h = -^{U'{x)^ - 2U{x)U"{x)). 
Consider the recurrences 

Pr+l{x) = krY{x)Pr{x) - P{xfPr-l{x); 
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with the initial conditions 

2 

Po{x) = Qo{x) = -h, 

Pi{x) = U{x)P'{x) —U'{x)P{x), 

Qi{x) = xPi{x) - U{x)P{x), 



where 



and 



3 _ 2(2n- l)(2n+ 1) _ 2r + 1 

2' ~ 3(n-l)(n+l) ' '''' ~ 

2 

Cr+1 ~ C^-l ^ 



kr {n-l){n + l)' 

Then polynomials Pr{x), Qr{x) are of degree rn + 1 and satisfy equation 

aPr{x) - Qr{x) = {x- af''^^Rr{x) 

for a polynomial Rr{x) . 

To apply Theorem 12.11 to the polynomial P{x) = aox^ + aix"^ + a2x'^ + 
a^x + 04, suppose that for a quadratic polynomial U (x) = U2X^ + Uix + Mq, 
we have 



= U{x)P"{x) - 3f/'(x)P'(x) + W"{x)P{x) 

= (12aoUo — 3aini + 202^2)3;^ + (6aiUo — Aa2Ui + 6a3M2)x 
+2a2Uo — SasMi + 12a4U2- 
This implies that 



12ao 


— 3ai 


2a2 ^ 




( Uo \ 


3ai 


-2a2 


3% 


II 


Ml 


2a2 


-Sag 


12a4 y 




^ «2 / 




Therefore, 

— 3ai 2a2 
— 2a2 3a3 
— 3a3 12a4 

= 4(2a2 — 9010203 + 27a\ai — 72000204 + 2700O3) 
= 4J = 0. 

In this paper, we always suppose that J = 0. In Section [5], we will show 
that ii Jp = Q then there are linear forms ^ = ^{x,y) and rj = ri{x,y) so 
that 

F(x,y) = i (e^-r?^) , 

where the quantity ^4 is defined in ([8]). We will use Pade approximation via 
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main idea here is to replace the construction of a family of dense approxima- 
tions to 77/^, by a family of rational approximations to the function (l—zY^'^. 
Consider the system of linear forms Rr{z) = —Qr{z) + (1 — zY^^Pr{z) that 
approximate (1 — zY^^ at z = 0, such that Rr{z) = z'^^~^^Rr{z), Rr{z) is 
regular at z = 0, and Pr{z) and Qr{z) are polynomials of degree r. Thue 
[121 [21] explicitly found polynomials Pr{z) and Qr{z) and Siegel [TJ] identi- 
fied them in terms of hypergeometric polynomials. Refining the method of 
Siegel, Evertse [H] used the theory of hypergeometric functions to give an 
upper bound for the number of solutions to the equation /(x, y) = 1, where 
/ is a cubic binary form with positive discriminant. Here we adjust Lemma 
4 of [11] for quartic forms. 

Lemma 2.2. Let r, g be integers with r > 1, (7 G {0, 1}. Put 

(i) There exists a power series Fr^g{z) such that for all complex 
numbers z with |z| < 1 

(4) A,,,{z) - (1 - zY/'Br,^{z) = z'^+'-^F,,g{z) 
and 

(5) \Fr,g{z)\ < ^--^|,7+1-Y - kl)-^^"^'"^^- 

(ii) For all complex numbers z with \1 — z\ < 1 we have 

(6) \A^,,{z)\ < i^'' ~ 

(iii) For all complex numbers z 7^ and for h E {1,0} we have 

(7) Arfl{z)Br+h,l,l{z) ^ Ar+h,l{z)Brfi{z). 

Proof. This lemma has been proven in [Tj. □ 

3. Equivalent Forms 

We will call forms Fi and F2 equivalent if they are equivalent under 
5'L2(Z)-action (i.e. if there exist integers 6, c, d and e such that 

Fi{hx + cy, dx + ey) = ^2(0;, y) 

for all x and y, where be — cd = ±1). Denote by Np the number of solutions 
in integers x and y of the Diophantine equation 
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Note that if Fi and F2 are equivalent, then Np-^ = Np^, Ip^ = and 
Jpi = Jf2- 

Let us define, for a quartic form F, an associated quartic form, the Hessian 
H,hy 

(PF(PF f cPfV 



Then 



where 



H{x, y) = Aqx'^ + Aix^y + A2X^y^ + A^xy^ + A^y^, 

Aq = 3(8aoa2 — 3a^), 
Ai = 12(60003 — 0102), 



(8) A2 = 6(3oi03 + 2400O4 — 2o 



^1 
2J' 



^3 = 12(60104 — 0203), 
= 3(80204 — 3O3). 

We have the following identities (see Proposition 5 of [9]): 



(9) Ih = 122/2 



(10) Jh = 12^(24 - J|) 
and 

where H is the Hessian of F and Dp, Dh are the discriminants of F and 
H, respectively . From identities in ([S]) and using algebraic manipulation, 
we have 

AoAl - A4AI 

= 12^(0003 — 04O1) (202 — 901O2O3 + 2701O4 — 7200O2O4 + 2700O3) 
= 12^(0003 — 040^)7^ 

and similarly, 

Al + SAiAl - 4A2A3A4 = 12^(03 + 801O4 - 402O3O4) Jf- 
When Jp = 0, we obtain 

(11) AoAl = A^Al 
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Therefore, when A^A^ ^ 0, 

H{x, y) = Aqx^ + Aix^y + Agx^?/^ + Asxy^ + A^y* 
= j^i2A,A^x^ + Alxy + 2A^Asy^Y 



13^4 

^ W{x,yf, 



AAlAi 



where we define the quadratic form W{x, y) = 2AiAix'^ + A\xy + 2AiA2,y'^. 
So we get 

Ai-IQA.AIA^-^^ 



From ([9]), we obtain 

(12) \Al - leAiA^Agj = 148^2^4/^.1 . 

In order to make good use of the above identities, we prove the foUowing 
lemma: 

Lemma 3.1. Let F{x,y) be a quartic form with Jp = 0. There exists a 
form equivalent to F{x,y), for which A3A4 7^ 0. 

Proof. If A4 = 0, then by (ITT!) we have A^ = A^ = and therefore, 
H{x, y) = x^iAox"^ + Aixy + Aai/^). 

Let 

X = mX + lY 

and 

y = pX + qY, 

where m,l,p and q are integers satisfying mq — Ip = ±1. Suppose that 
F) is equivalent to F{x,y) under this substitution with Hessian 

H^,{X, Y) = A'qX^ + A[X^Y + A'^X^Y"^ + A'^XY^ + A'^Y^. 

We have, 

A'^ = H^,{0,1) = HF{l,q) = P{Aol^ + A,lq + A2q^). 

If Hp is identically zero then by iQ and ffTOl) . we will have Ip = Jp = Dp = 
0. But since we have assumed that F{x,y) is irreducible, Hp{x,y) is not 
identically zero. Therefore, the integers / and q can be chosen so that 

A'^ = Hp{l,q)y^O. 

Let t E Z and put 

M = m + lt, 
P = p + qt. 

Let ^2{X,Y) be the equivalent form to F{x,y) under the substitution 
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and 

y = PX + qY, 

and H^,{X,Y) = A'^X^ + A';X^Y + A'^X^Y^ + A'^XY^ + A'IY\ Then 
substituting x by MX + lY and y by PX + qY in Hp{x,y), we find that 
A3, the coefficient of the term XY^ in Hi^^{X^ F), is equal to 

A3 = AMI^Aq + {fP + 3M/2g)Ai + (2/2pg + 2MZg2)A2 

+ {q^m + 3Pg2/)A3 + 4Pg^v44 
= (m + /t) (4/=^ Ao + 3/2gAi + 2/5^^2 + g^Ag) 

+ (P + qt){l^M + 2/2^^2 + S/g^As + 4g3A4) 
= + 4t(/^Ao + l^qA^ + /2g2^2 + /g'Aa + 54^4) 
= ir + 4tA^. 

Since A'^ 7^ 0, the integer t can be chosen so that A'-^ 7^ 0. □ 

In the following, we will show that P(x, y) or one of its equivalences 
(under G'L2(Z)-action) satisfies 

IA4I < 4/. 

From now on, we will suppose that A3A4 7^ 0. Let 

X = mX + lY 

and 

y = pX + gF, 

where m, I, p and g are integers satisfying mq — Ip = ±1. Let F) be 
equivalent to F{x, y) under this substitution and 

Y) = a'oX^ + a[X^Y + + a'^XY^ + a^F^ 

We observe that 

A', = H^{0,l) = HF{l,q), 

where H^{X, Y) = A'^X^ + A[X^Y + A'^X'^Y'^ + A'^XY^ + A'^Y\ 

To continue, we will be in need of the following Proposition due to Her- 
mite. 

Proposition 3.2. Suppose that /iix^ + 2/i2X?/ + /22l/^ is a binary form with 
D = /11/22 ~ /12 7^ 0. Then there is an integer pair {ui,U2) 7^ (0,0) for 
which 



< \ fnui + 2fuUiU2 + f22u'\ <\h,\D\. 
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Proposition 13.21 implies that we can choose I and q, such that 

0<l^4l = -r^-r^i2A^Ad^ + Allq + 2A,A3qY 
1 4/13/14 1 



< 



(13) = 4|J|, 



^{At - 16A,AlA,] 



where the last equality comes from (fT2|) . 

We have shown that the Hessian of F satisfies the following formula. 

H{x, y) = Aqx'^ + Aix^y + AiX^y"^ + Agxy^ + A^y'^ 
= j^{2ArA^x^ + Alxy + 2A^A:,y^f. 

We will need some results due to Cremona [9] . Since we are using different 
notations in this paper, we will summarize Propositions 6 and 8 of [9] in 
Lemmas 13.31 and 13. 4[ In particular, we note that the quartic polynomial 
gi{X) in [9J is equal to ^H{x, 1) and its leading coefficient is equal to 
-Ao/3. 

Lemma 3.3. Suppose F{x,y) is a quartic form with invariants I and J 
and Hessian H{x,y). Let (p be a root of — 3/ + J. Then 

1 4 
-g^(a;, y) + ^(pF{x, y) = m{x, yf, 

where m{x,y) is a quadratic covariant of F{x,y). 

Proof. See part (vi) of Proposition 6 of [9]. □ 

Lemma 3.4. Let F(x , y) he a quartic form with real coefficients and the 
leading coefficient a^. Suppose that F{x, 1) = has 4 real roots. Order the 
roots (pi of — 31 + J, with 4ao0i > 4ao02 > 4ao03. Set = 02- Then 
m{x,y) is a positive definite quadratic form with real coefficients, where 
m{x,y) is the covariant of F{x,y) defined in Lemma \3. 3[ 

Proof. This is part (ii) of Proposition 8 of [9j. Note that the quantity z 
in that Proposition is equal to —Aq and therefore a positive value in our 
case. □ 

Following Definition 4 of [9J, we say that the quartic form F{x,y) = 
aox'^ + aix^y + a2X^y^ + a^xy^ + a^y^ with positive discriminant is reduced 
if and only if the positive definite quadratic form m{x, y) is reduced. Here, 
we remark that the real quadratic form f{x,y) = ax"^ + bxy + cy"^ is called 
reduced if 

\h\ < n < r. 
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Lemma 3.5. Let F be the quartic form in Theorem \1.2\ and H be its Hes- 
sian. If F is reduced then for integers x, y we have 

\H{x,y)\>3QIy\ 

Proof. Suppose that our quartic form F{x,y) is reduced. Taking = in 
Lemma I3.3[ we know that the algebraic covariant ^H{x, y) is the square 
of a quadratic form, say 

-^H{x,y) = m^{x,y). 

We assume that y 0. Put 

m{x, y) = y'^m{z) = y'^ [Az"^ + Bz + C) , 

where 2; = |. Note that m[z) assumes a minimum equal to '^^^^'^^ at 
z = Since 

w?{x,y) = 3g^\^j 2v4iA4x' + Alxy + 



by dH), we get 



-36^1^4 3 



Recall that Aq < and hence, by f|TT]) . A^ < 0. Since / > and m{x,y) is 
reduced, we have iAC — 5^ > and 



A^ <AC < -UAC - B^) = -L 
- - 3^ ^9 



Therefore 



m{x, y) > 1\fly^ , 

□ 



So we can assume that |-ff(x, y)| > h?Vl\jiI when looking for pairs of 



solutions (x,?/) with \y\ > 



(37)1/8 



4. Reduction To A Diagonal Form 

Our goal in this section will be to reduce the problem at hand to con- 
sideration of diagonal forms over a suitable imaginary quadratic field. The 
method of Thue-Siegel is particularly well suited for application to such 
forms. We will show that 

Lemma 4.1. Let F be the binary form in Theorem \l.l\ Then 
Fix, y) = ^ ^ , = (C^ix, y) — v^ix, y)) , 

inhprp ^ nnA n nrp rnmnl P'r rnninnnip linpnr fnrnriQ in t nnA ii 
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Proof. Let H{x,y) = Aqx^ + Aix^y + Aix'^y'^ + A^ixy^ + A^y^ with ^ 0, 
be the Hessian of F{x,y). We can factor 2AiA^x'^ + A^xy + 2^4^13?/^ over 
C as 

(14) i{x, y)r]{x, y) = 2A,A^x^ + Alxy + 
where ^ and rj are hnear forms. So we may write 

X = + If] 

for some m, I, p, q E C Therefore, 

F{x,y) = F{m^ + lr],p^ + qri) 

= «de' + a[ev + o.'^iW + + 

The Hessian H'{C^,ri) of ^{(^,1]) satisfies 

= A'H{x,y) = -^ev'- 

Hence, 

(15) A'o = A; = A'3 = A1 = 0; A'2 = A^ ^ 



AAIA^- 



On the other hand, 

= 3(8aQa2 — Sa^^^) 

and 

A'^ = 12(600^3 — cL^a^). 
Using Maple, it is easy to check that for any form F{x,y), 

— 1004^0 + 203^1 — 02^2 + C-l^S — 200^4 = 6J. 

So, for $(^,77), we obtain 

-lOa^A'o + 2a^A[ - a'^A'^ + a[A'^ - 2af^A[ = 6J$ = GA^Jp = 0, 

where a[ are the coefficients of $ and A[ are the coefficients of its Hessian. 
Therefore, by ( |T5|) . 

«2 = 

and from the expressions for Aq and A'^ respectively that result from (I8j), 

a[ = a'g = 0, 

whereby, 

F(x,i/) = $(e,r/) = a'oe' + aV- 

Observe that if 
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then for any complex number A, in (1141) we may take ^ = A (ax + j3y) and 
7] = fi{'yx + 6y), where A/i = 1. Our goal now is to determine the values of 
A and /i = ^ in ^ = X{ax + [3y) and rj = ^i{^x + 5y), so that a'^ = —a'^. We 
have 

' Xa X(3\ f m I \ _ f I 
/i7 J \ p q J ~ \ 1 

Thus, 

^-^Q^ [ m I \ _ ( Xa X[3 \ ^ _ 1 f f^^ —A/9 
whereby, 



and we get 



q Xa 
Xpa 

q = 



/i7 

Since $(^, rj) = a'^^'^ + a'^i]^, we have 

a[) = $(l,0) and a'4 = $(0, 1) 
When rj = /i(7x + 6y) = 0, we have 

—6p 
m = 

7 

and when ^ = X{ax + [3y) = 0, we have 



a 

So we can write 



and 



a'o = F(m,p) = F ( = ^F(-5,7) 



al = F(/, g) = F ( = 4^(-/3, a) 

a a^ 



Therefore, if we choose A and [i so that yU*^ = ^ = -p^j^^, then —a'o = 04. 

We have shown that F{x,y) can be written as a'o (^"'(x, y) — //"^(x, y)), 
where 

(17) ^ = A(ax + py), t] = ni^ix + 5y) 

and A/x = 1. It remains to calculate the value of a'o- Using (IT^ and ([H]), we 
get 

A'2 = J = 6(3a;a'3 + 24a'oa'4 - 2a'2) = 144a'oa'4. 
Substituting a'^ by —a'o, we obtain 
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where A = mq — Ip is the determinant of the matrix . Therefore, 



from f|T6|) and he fact that Xfi = 1, 



P Q 



(a(5-/37) 2242^1^4' 
To calculate {aS — /?7)^, we recall that 

2^1^40;^ + Alxy + 2^3744?/^ = {ax + (3y){-fx + 6y), 

consequently, computing the discriminant of the above quadratic form and 
by (HD, 

(18) \a6 - /37|^ = \Al - IQAiAlA^l = \A8AIAJ\ 

and therefore, 

, , 1 

an = 



where I = Ip- 

We will assume, without loss of generality, that 

^^^^ ^ 96AiA,V^- 



□ 



5. Resolvent Forms 
Suppose that ^ and t] are linear forms in Lemma I4.1[ Let us define 

e = ^ 

^ (12^2) 1/4 1 1/8 

and 

(12A2)V4|^4|i/8' 

so that 

F{x,y) = g^/gj^ [^'^{x,y) -r]'\x,y)^ . 
Lemma 14.11 can be restated as follows: 

Lemma 5.1. Let F be the binary form in Theorem \l.l\ Then 

(20) F(x, y) = (e^(x, y) - v\x, y)) . 

where ^ and rj are complex conjugate linear forms in x and y, with 

i\r^'eQ[^A^y 

Proof. For the binary form -F(x, y) with Hessian if(x, y), the sextic covariant 
Q{x,y) is defined by 

, 6F 6H 6F 6H 



14 SHABNAM AKHTARI 

Since we have taken H{x,y) = -^^^{2AiAix'^ + A^xy + 2A/iA^y'^Y , we may 
write 

Q{x,y) = ^j^W{x,y)ilj{x,y), 

where 

W{x, y) = 2AiAiX^ + Alxy + 2^4^37/^ 

and 

5F 5F 
^(x, y) = {Ajx + AAsA^y)— - {AA^A^x + ^s?/)^- 

We have (see equation (25) of [9]) 

IQH^ + = 4^ X 3^IHF^. 

We remark that in [9|, = -^H, ge = and the invariants / and J are 
the negative of our / and J, respectively. Since H{x,y) = j^-^W{x,yY 
is not identically zero, we can divide both sides of the obove identity by 
if(x, y) to get 

(21) W^{x, y) + '^AlA^il)'^{x, y) = 4^ x ^^IA^AIf'^^x, y). 
Since W{x,y) = ^i] and F{x,y) = gg^l^'^/zg j; (1211) implies that 

e^r^^ + 9A2A4^2(x, y) = 1 + 2eV) 

and we obtain 

(22) ie + v'f = -^QAlA,i;'ix,y) 
and therefore, by (fTTIl 

42 ^ 

^1 

Note that if all roots of F{x, 1) are real then / > and Aq < { see [9], 
Proposition 7). So we may write 



with 6 G Q. We have also seen that 

^^-r]^ = iaV3I 

for some even integer a. Therefore, for integers x, y, the quantities C'^{x,y) 
and ?7^(x, y) are complex conjugates and belong to Q [\/—Ao, V— 3/) . More- 
over, ^/—Ao ^"^{x, y) and \/—Aq r]^(x, y) are algebraic integers in Q i^\J AqI /"i^ . 
This is because 
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and by ([II]), Ai\AqAI. We will work in the number field Q (yA^Tjt^ . We 
also have 

^ _ by/^+iaV3I 

-Aob'^ - 3a2j + i6ab^y-AoI/3 



-Aob^ + 3aH 



Therefore, 



4 e Qiy^A^). 



Note that, in ( fT7|) . we started with two linear forms and continued with 
their fourth powers. Let the linear form ^ = C,{x,y) be a fourth root of 
(^^(x, y) and define 

vix,y) = l{.x,y). 

Indeed, ■/^(x, y) is a fourth root of t]'^. Hence, when F{x, 1) splits in M, we 
can define the complex conjugate linear forms ^{x,y) and r]{x,y), so that 

^^-7]^ = 96AlA4V^F{x, y) 

and 

ler/l = 12^1^4x2 + Alxy + 2A^A^y^\ . 

Now let us define 



(12A2)l/4|^4|l/8 

and 

(12Ai)V4|A4|i/8' 

so that 

From (IH]), for every pair of integers (x, y), we have 

1 



W\x,y) = H{x,y). 



This gives 

12AIA^ I iy2(x,y). 
By ( l2Ti) . for every pair of integers (x, y), we have 

lQAlA,\i;\x,y). 

Using fl22l) . we conclude that the real part of has the factor 12 A'^A^ . 
Since — ''7^ = Oq-F, by ( |T9l) . the imaginary part of has also the factor 
I2AIA4. So 
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By (ED, 



112^2^41 



112^2^41 



□ 



We call a pair of complex conjugates ^ and t] satisfying the identities in 
Lemma 15.11 a pair of resolvent forms, and note that if rj) is one pair, 
there are precisely three others, given by (i^, —irj) , (— ^, —rj) and {—i^,iri), 
where i = a/— T. We will, however, work with {^,ri), a fixed pair of resolvent 
forms. For the pair of resolvent form {^,f]), we have 



(23) l^r^l 



2AiA4X^ + Ajxy + 2AiA^y'^ 



[H{x,y)MA\) 
V3 



1/4 



REMARK. The fact that for integers x and ^^(x, ?/) and 'r]'^{x,y) 
are complex conjugates and belong to an imaginary quadratic field is very 
crucial for our proof. To satisfy these conditions, when Jp = 0, we only need 
IpAo < (see the proof of Lemma ISTTj) . Proposition 7 of [9J, guarantees 
this property for quartic binary forms that split in M. So we may generalize 
Theorem 11.11 to all quartic binary forms with IfAq < 0. 



6. Gap Principles 



Let cij be a fourth root of unity (for some j G {1,2,3,4}, let u; = e ^4 ). 
We say that the integer pair (x, y) is related to u if 



UJ — 



r]{x,y) 



Let us define z = 1 — 



i{x,y) 



mm 

0<fc<3 



^2fc7ri/4 _ 



ri{x,y) 



^{x,y) 



where (^, rj) is a fixed pair of resolvent forms 



( in other words, | is a fourth root of {1 — z)). We have 

|1 -^1 = 1 , 1^1 < 2. 

Note that \z\ = 2 is impossible here. Because it would mean 77^ 
F{x,y) = 4^3jy^^ ^^ and hence Dp = 0. 



-e, so 



Lemma 6.1. Let u be a fourth root of unity and the integral pair {x,y) 



satisfies F{x, y) 

If \z\ > 1 then 
(24) 



■■i^'^ix,y) -r]^{x,y)) = 1, with 



UJ 



ri{x,y) 



^ix,y) 



mm 

0<fc<3 



ri{x,y) 



r]{x,y) 



^ix,y) 



< - Z . 
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// \z\ < 1 then 
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(25) 

Proof. Put 
We have 



uo — 



< 



12' 



\z\. 



A6 = ar£ 



^2-2 cos(4^) 
Therefore, when \z\ < 2 we have 



1^1 < I 



and when 1 2;! < 1 we have 



Since 



1^1 < 



TT 



12' 



ri{x,y) 



we obtain 



UJ — 



ri{x,y) 



By differential calculus 



< 



^ix,y) 

m 



< 



4 ^2 - 2 cos(4^) 



1 - 



ri{x,yy 



^2-2cos(4e) " 2 

r]{x,y) 



< I whenever < |^^| < ^. Therefore 



< -\z\ 



and from the fact that 



i{.x,y) 

— < ? whenever < 



1^2-2 cos{4e) 3 



TT , , 



as desired. 



< , we conclude 



□ 



Suppose that we have distinct solutions to ?/)| < h indexed by i, 
say {xi,yi), related to a fixed fourth root of unity uj with > 
Let 

F{xi,yi) = hi, F{xi+i,yi+i) = hi+i. 
For brevity, we will write rji = ri{xi,yi) and = C,{xi,yi). We have 



Xi X2 

yi 1/2 



12Aiv^ 









V2 1 



/i7 

(see the definition of linear forms ^ and 77 in Section [5]). Since (xi,yi) and 
{x2,y2) are distinct co-prime solutions, X1I/2 — X2yi is a nonzero integer. So 
by (HID and ([n]), we get 

(26) \(rm-(.m\ = l<"^- ^'"'^'-"^^''1 > 2/^|^.|^/^ 

W1942 /TTj 
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On the other hand, by ( l24l) and ( l25l) . we have 



< 



i+1 



6 



— UJ 



(by the triangle inequahty) 



TT 



f4 



(from(|2D 

4 _ f 4 



P4 



the last inequality holding from expression for F{x, y) in Lemma 15.11 and 
since \F{x,y)\ < h. Since we assumed < we get 

Combining this with (!26|l . we conclude 

1 



(27) 



le 



i+1 



> 



Let us now assume that there are 4 distinct solutions to \F{x,y)\ < h 
related to a fixed choice of u, corresponding to ^q, C,i and where 
K-i| < l^ol < l^il < |^2|and F{xi,yi) = hi. We will deduce a contradiction, 
which shows that at most 3 such solutions can exist. By (1271) and since 

\hi\ < h, 

37T^\Zi\^h' 



Fi+1 



< 



64/ 



r,f _ 8h^\3IA4\ 



where Zi = 1 - 
, \Z2\ < 1. By 



Since \z_i\ < 2, if / > 36.6/i^ then \zq\ , 



|^_i(a;r7o - ^o) - -^0(^^-1 - ^-1) 



< 8h{l + ^)y/\3IA, 



leii 



Combining this with (!26|) . we conclude 

161 > 



Stt/i I a 



1 1/4 



Similarly, we get 

l^o^i - ^iVo\ = |'^o(^^?i - ^1) - ^li^Vo - ^0) 



which leads to 
(28) ISil > 



72V3 



n 1 \ A 



1 1/4 



o-,r^4/'c;^^3 I /i .1 
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Note that 



8h^y\3^M\ 



< 2 and therefore, 



(29) \^^,\^ > Ah^/WJ^l 

Thus, when / > 36.6h'^ we have 

....^^/^M.iVs 

(30) 



,^ , o72v^(4V3) ' \A^\ 

fi > Js ' 

27r(57r)3/i7/4 



> 0.39 



Recall that By Lemma |3.5[ we can assume that \H{x^y)\ > h^VlyM 
when looking for pairs of solutions {x,y) with \y\ > j^^t/s- This implies 

|i^(x_i,y_i)| >12 



\AIA, 



So by (123 



Moreover, one may assume that h > 2, for the case h = 1 is being addressed 
when we are treating the Thue equation. Under these assumptions, we have 

8h^/\3^A^\ 



Si 



< 1 



and by fl28l) and Lemma 16. ![ 

(31) l^il > {AV3f'lh''/' \A,\'/' (J-^ > Ah^'/'ll \A,\"\ 

Here the point is that the inequality \y\ > j^j^ provides us with a good 
enough lower bound fl?I]) for the size of ^i. Hence, to prove Theorem II. 2[ 
we do not need the assumption I > 36.6/i^. 

7. Some Algebraic Numbers 

Combining the polynomials Ar^g and Br,g in Lemma [2^ with the resolvent 
forms, we will consider the complex sequences S^^g given by 

rir, 71, 



''r,g — -T-Ar^g{Zi) — —Br^g{Zi) 



where Zi = 1 — rj\/^l . For any pair of integers {x,y), ^^{x,y) and ri'^{x,y) 
are algebraic integers in Q{^y AqI /3){see Lemma EH]). We have seen that 
y4o < and one can assume A3A4 7^ (see Lemma [3.11) . Therefore from 
(fTTD . we have Ai ^ 0. Define 

K^g = {9\A,\)'^ ^t'^'-%K,r 



We will show that Ar^g is either an integer in 



^1^) or a fourth root of 
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Lemma 7.1. For any pair of integer {s,t), we have 



Proof. By ([11]) and ([H]), we have 



4^1 /77TT- 12^1 lIAo 



a6-l3^=^Ai-lQA,AlA, = ^V^. y 3 

Since 

2Ai ^4^^ + Alxy + 2^3^14?/^ = {ax + (3y) (7X + 6y) 

12Al^/\A^\ax,y)v{x,y), 

we conclude that aj , P6 , a6 + P'j & Z. Thus, for integral pair we 
obtain 

□ 

Lemma 7.2. If {xi,yi) and {x2,y2) ff^e tti;o j)azrs of rational integers then 



3\A^\^/'^^{xi,yi)i]{x2,y2), 
i{xi,yifi{x2,y2) 

and 

Vi.xuyifr]{x2,y2) 



are integers in Q(a/v4o//3). 

Proof. For any pair of integers {x,y), Lemma [7.11 implies that 



Thus, 



Since 



1^ 6 Qi^/A^). 

i[x2,y2) 
\lM^H{x2,y2)v{x2.y2) = 



the algebraic integer ^J^\A^\^^{xi,yi)rj{x2,y2) belongs to Q,{^J AqI / K) . 
Let ^{x,y) = eix + £2?/. Clearly, ei and €2 are algebraic integers and so are 
ef, ele2, t\e\, eit\ and e\. Since is an integer in Q^[^^J AqI we conclude 
that ef, 6^62, 6^63, €162 and €2 are all algebraic integers in 
^(xi, ?/i)'^^(x2, 1/2) is an integer in Q(a/Ao//3) , because it can be written 
as a linear combination with rational integer coefficients in e\ , efe2, efe^, 
eie2 and 

We can similarly show that that ri{xi,yi)^ri{x2,yi) is also an integer in 
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For every polynomial P{z) = anz"" + ttn-iz"^'^ + . . . + aiz + oq, we define 
P*{x, y) = x^'Piy/x) = aox" + aix'^'^y + ... + a„_ia;?/"-^ + a„y". 
Let Ar^g and Br^g be as in ([3]) and 

Cr,g{z) = Ar^g{l - Z), Dr,giz) = Br,g{l - z), 

where Ar^g and B^^g are the polynomials in Lemma [2.21 For 2; 7^ 0, we have 
Dr,o{z) = z"^ Crfi{z~^) , hence 

A:,iz,z-z) = zM,,o(l - -) = z'-a,o(-) 

z z 

(32) = z'Dr,o{^) = z^-B,,o{l-^) 

= b;q{z,z-z) = b;^q{z,z-z). 

Lemma 7.3. For any pair of integers {x,y), 

Ar,g{t{x, y),t{x, y) - v^{x, y)) 

and 

B:^g{e{x,y),eix,y)-v\x,y)) 
are algebraic integers in Q(a/v4o//3). 

Proof. It is clear that 

A:^^{^\x,y),e{x,y)-v\x,y)) 

and 

B:je{x,y),e{x,y)-v\x,y)) 



belong to Q{^y AqI /3). So we need only show that they are algebraic inte- 
gers. This follows immediately from Lemma 4.1 of [8] since 



eix,y)-v\x,y) = Sh^MMF{x,y). 

□ 

We now proceed to show that for any r G Z, A^^o and ^ are integers in 
Q{^A^). 



Ar,g = (91^41)'^ er^r^^s.,. 



= (91^41)^ {C%KM - Vt) - ii'i2ViBlg{il it - vt)) ■ 
For g = 0, we have 

A,,o = (91^41)^ {iiV2A:^oiit,it - Vt) - i2ViBUmt - Vt)) 

By LemmaES (9|A4|)^ (6^2) and (9|A4|)^ (6^1) are integers mQ{^AoI/3). 
They are also complex conjugates. From fl32l) . Lemma [7.31 and the charac- 
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Arfi G Za/ AqI/S. By Lemma [7.21 and Lemma [7.31 A^^^ is an algebraic inte- 
ger in Q(a/v4o//3). Next we will show that A^^^ is not an integer when E^,! 
is nonzero. 

Suppose AfiEl^. Then we have for some p E {±1, ±i}, that pA^^i = A^^i. 
Hence by the definition of A^^i and since and rji are complex conjugates, 



1-4 



^-4r^-l Ar f ^"^ A /i ^1 ^ ^1 D 

^1 '^2 Vl V2 —Ar,l 1 - — B. 

\V2 V ViJ Vl 



This, together with Lemmas 17.21 and 17.31 implies that 
(33) pS,,iGQ(v/Ao//3). 
We have, by definition. 



^r,g — -r^r,g[Zl) - —IJr,g[Zl) — - 



where 77 = 77(1, 0) and ^ = ^(1, 0). By Lemmas 17.11 and 17.31 
Hence 



(34) f = Q(v/Ao//3,pS,,,) = Q(v/Ao//3,p^). 

If we choose complex number X so that ^(X, 1) = ri{X, 1) then by Lemma 
EH X G f. We have F(X, 1) = ^-^{^\X, 1) - r74(X, 1)) = 0. Since we 
have assumed that F is irreducible, X has degree 4 over Q. But from ( l33l) 
and the definition of number field f in ([3i 



XGf = Q(V^//3). 

This contradicts the fact that X has degree 4 over Q. We conclude that 
A^^i can not be a rational integer. 

From the well-known characterization of algebraic integers in quadratic 
fields, we may therefore conclude that. If Ar^g 7^ 0, then for g G {0, 1} 

(35) |A,,g| >2^(-Ao//3)5-^. 

8. Approximating Polynomials 
In order to apply fl26l) . we must make sure that Aj.g or equivalently S^^g 
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Lemma 8.1. Suppose that {x,y) is a pair of solutions to F{x,y) = ±1 with 

(31)1/8 



/ > 135 or a pair of solutions to \F{x,y)\ < h with \y\ > jtjtt/s ■ For this 



pair of solutions and r G {1, 2, 3, 4, 5}, we have 

K,o ^ 0. 

Proof. Let r G {1,2,3,4,5}. Suppose that Sr,o = 0. From (jl]), we can find 
for each r, a polynomial Fr{z) G Q[z], satisfying 

Ar,o{zf-{l-z)B^^, = z'^+'Fr{z). 

In fact, using Maple, we have 

Aiiz) = AA,fl{z) = 8 - 5z, 

B,{z)=AB.oiz) = 8-3z, 



FAz) = 320 - 320^ + 81^ 



32 

A^iz) = —A^fliz) = 64 - 72z + 15z\ 
32 

B2{z) = —B2,o{z) = 64 - 56z + 7z^ 



^2(2) = 86016 - 172032;z + 114624^^ - 28608^^ + 2401^ 
^3(2) = 128^3,0(2) = 2560 - 4I6O2 + 1872^2 - 195^3^ 
B^{z) = 12853,0(2) = 2560 - 3520z + 1232^^ - 77z^ 

Fsiz) = 14057472000 - 42172416000^ 



+48483635200;22 - 26679910400^^ 
+715026624C 
+35153041/, 



+7150266240^^ - 839047040/ 



A , X 2048 , , , 



28672 - 60928^ + 42432^^ - 10608/ + 663/ 



2048 ^ , , 
B^{z) = -—BUz) 



28672 - 53760^ + 31680/ - 6I6O/ + 23l/, 



F^{z) = 13989396348928 - 55957585395712^ 

+91916125077504^2 _ 79896826347520/ 
+39463764078592^^ - 11050000539648/ 
+1648475542656/ - 113348764800^^ 
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= 98304 - 258048^ + 2437122^ 
-99008^^ + 159122^ - 663z^ 

= 98304 - 233472^ + 1945602^ 
-66880^^ + 8360/ - 209/. 

and 

F^iz) = 121733331812352 - 608666659061760^ 

+ 1301756554248192/ - 1555026262622208/ 
+ 1136607561252864/ - 523630732640256/ 
+ 151029162176512^^ - 26204424888320/ 
+2515441608384/ - 113971885760/ 
+ 1908029761z^°. 

We also define A* and B* via 

A*{x,y) = x''Ar{y/x), 

and 

B*{x,y) = x''Br{y/x). 
Since S^^o is assumed to be zero, 

a it{A*M.it-vt)Y' 

Let 3r be the integral ideal in Q{^/TA^) generated by it-'nl)Y 
and i]i{B*{^f,^f — rjf))'^ and N(3r) be the absolute norm of Jr- Since the 
ideal generated by eAA^M^ei - vt)Y - vl^B^Mtit - vf)Y divides - 
r]2).'3r, we obtain 

\^,\<'^^'^\At.{z,)-il-z,)Btiz,)\ 

= i^AAm^^i - vt)r - vmaut - vDY- 

Since 3r is an imaginary quadratic field, by (fT9|) . we get 
By®, 

Al{z,) - (1 - ^1)5,^(^1) = zl'+'Fr{z,), 
and so we conclude 

|„ |2r+l|77'/„ M ^ AT/^ ^l/2|M „4||t |-4(4r+l). 
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1 < 



Since i\ = i^f - r]j){l - = {^f - r]f)zi^we obtain 



\FM)\ 



Noting that \zi\ = \^i\\^t-V{\ and \Q - vt\ = \8hy/3TA^F{x,y)l we 
obtain for r G {1, 2, 3, 4, 5}, 

To estimate N{3ry^'^, we choose a finite extension M of Q(a/v4o//3) so 
that the ideal generated by and — r/^ in M is a principal ideal, with 
generator p, say. We denote the extension of Jr to M, by J'^. Let be the 
ideal in M generated by A*{u, v) and B*{u, v), where u = ^ and v = ■ 
Since A* (x, x — y) = B*{y,y — x), 

(37>^^+H^i?;(0,ir C p^'-+H^Ki?;(0,t;)^)(w-t;,i?;(0,t;)^) 

C u - v)iu, B;{u, vY){u - V, a;{u, vf) 

where (mi, . . . , m^) denote the ideal in M generated by mi, . . . , m„. 
We have 

Al{x,y)-Bl{x,y) = -2y. 

Therefore, 

2{v)c{Al{u,v),Bl{u,v))cxi, 

where (f ) is the ideal generated by v in M. Since -Bi(0, 1) = —3, it follows 
from ([37]) that 

1296(ef - vtY C 1296p(ef - vtT = p'lQv^Bl{0, 1)^ C 3[. 

For r = 2, we first observe that 

Bl{x,y)Al{x,y) - Al{x,y)B;{x,y) = -lOy' 

and 

(-32x + 7y)A;{x,y) - {-32x + 15y)B;{x,y) = 80xy\ 
Therefore, by fl57|) we have 

80{v f C (-10^;^80u^;2) C (A;(u, w), ^^(u, w)) C ts- 

Since -82(05 1) = we have 

cn4 ^, f74/t4 „4\9 ^ on4 f74„/t4 „4\8 _ on4„9„.8 d* (Ti 1 ^4 ^ 't?/ 
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When r = 3, we have 

Bl{x,y)Al{x,y) - Al{x,y)Bl{x,y) = -210^^ 

(1616x=^ - mSxy + lly'^)Al{x,y) 
- (1616x2 - 1482x1/ + 195?/2)5*(a;, y) 
= -IGSOOx'^y^. 
Substituting 77 for -83(0, 1), we conclude 

16800^ X 77^(ef - vty^ C 16800^ x 77V(ef - vtY^ 

For r = 4, setting 

G^{x, y) = 14178304x^ - 15889280x2?/ + 4071760x7/^ - 162393|/^ 
H4{x,y) = 14178304x^ - 19433856x2y + 6714864x^2 - 466089?/^ 

we may verify that 

B; (x, y)Al{x, y) - Al{x, y)Bl (x, y) = -6006/ 

and 

Gi{x,y)Al{x,y) - Hi{x,y)Bl{x,y) = -150678528y V. 
These two identities imply that 

150678528^ x 231^(^^ - r/^)^^ C 150678528^ x 23lV(^f - vtY^- 

Since this latter quantity is equal to 150678528V^^^^^^5*(0, 1)^, from ([37j) 
it follows that 

150678528^ x 231^(^f - 7]^^^ C J4. 
Finally, for r = 5, set 

G5ix,y) 

= 43706368x'^ - 69346048x^y + 32767856x2^2 
-4764782xy^ + 123519^/^ 

H5ix,y) 

= 43706368x^ - 80272640x^y + 46006896x2^/2 
-8845746x?/3 + 391833?/^ 

Then we have 

Bl{x,y)Al{x,y) - Al{x,y)B;{x,y) = -U586y' 

and 

G5(x, y)Al{x, y) - H,{x, y)Bl{x, y) = -134424576?/ V. 
These two identities imply that 
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So by (I37D, 

134424576^ x 209^(^i - r]^f^ C 13U24576y^v^°B;{0, 1)^ C Jg. 

From the preceding arguments, we are thus able to deduce the following 
series of inequahties : 

N{3iy/^\^t-vt\'' < 1296, 

iv(a2)^/'le^-^^r'<56o^ 

iVp3)'/'lei' -^il"'' < (77 X 16800)^ 
N{3^y^^\^^ - 7]f\-^'^ < (231 X 150678528)^ 

and 

NiJ^y^^l^t - vt\'^^ < (134424576 x 209)1 

Substituting any of these in fl36l) provides a contradiction to inequality 

( l30l) when J > 135 and a contradition to ( l3Ti) when |y| > -^^^tts- Note 

that under both assumptions / > 135 and \y\ > j^p^, the function 

\A = \^~^\\^h^JMA2F{x,y)\ is small. This makes |-Fr(^)| large enough 

for our contradictions. □ 

Lemma 8.2. If r E N and h G {0,1}, then at most one o/ {Sr,o, 
can vanish. 

Proof. Let r be a positive integer and /i G {0, 1} . Following an argument 
of Bennett [6] , we define the matrix M: 

\ Br,o{zi) Br+h,M) I / 

The determinant of M is zero because it has two identical rows. Expanding 
along the first row, we get 

= Arfi{zi)I]r+h,l — Ar+h,lizi)T,rfi 

+ — {Arfi{Zi)Br+h,l{Zi) - Ar+h,l{Zi)Brfi{Zi)). 

If Sr,o = and T,r+h,i = then Arfi{zi)Br+h,i{zi) - Ar+h,i{zi)Brfi{zi) = 
which contradicts part (iii) of Lemma 12.21 □ 



9. An Auxiliary Lemma 
We now combine the upper bound for A^^g obtained in (!35|) with the lower 
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Lemma 9.1. If^r,g 7^ 0, then 



where we may take 



|3/2\ 



ci(l,0) = Airh 
and 



|l/2\ 1/2 



and for {r,g) ^ (1,0), 



4^ 



and 

C2(r,^) 



27 ^i^^ (9 v^Sm 



1^1 ; vi^op; ^^^"^'^^^'^ 



Proof. By the definition of A^o and (jl]), we can write 



Since |l-;zi| = 1 , |zi| < 1 and \zi\ = by ([5]), ([6]) and inequality (125|). 

we fiave 

(38) |A.,,| <(9|A4|)(^-^)/^|eir^+^-l6lA 

wliere £ is equal to 

mil CT') [ \^f\ 



Comparing this with fl5S]) . we obtain 

Ci(r,<7)|6r'-+'-l6r=^ + C2(r,<7)|6r'^-'^'-^)|6l > 1, 
where we may take Ci and C2 so that 

ci{r,g) > 
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and 

C2{r,g) > 



Substituting r = 1 and = 0, we get the desired values for ci(l,0) and 
€2(1,0). Let us apply the following version of Stirling's formula (see Theo- 
rem (5.44) of [18]): 



2Vk \k J a/^ 
for /c G N. This leads to the stated choice of ci immediately. 
To evaluate C2{r,g), we first note that 

2r + l-g\ ^ /2r\ ^ 4*^ 



Next we will show that 

(39) A-9 + l/4Wr-l/4A 1 



r + 1 - g J \ r J v^vrr ' 
for r G N and g G {0, 1}, whence we may conclude that 

(r~g+l/4\ (r-l/4.\ r- 
\ r+l-g )\ r ) ^ V ^ 



This leads immediately to the stated choice of c^- It remains to show (!39|l . 
Let us set 

V - 3/4\ (r - l/4\ ?/r 



r 



r 



whereby 

r + l/4\ /r + 3/4\ /'r2 + r + 2/9\ yr 



This implies 



fc=i 

Since 

+ + 3/16 _ 16 _ 16 

11 ^^^^ ~ 3r(l/4)r(3/4) ~ vl^' 

we obtain 



For r G N, we have 

/r-3/4\ /r + 1/4 
y r / \ r + 1 
So when g G {0, 1}, 
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which completes the proof. □ 

10. Proof of the Main Theorems 

Let us now assume that there are 4 distinct solutions (xj,?/^) to reduced 
form 

\F{x,y)\<h 

related to u with \yi\ > j0jr/s^ corresponding to ^o, and where 
we have ordered these in nondecreasing modulus. We will deduce a contra- 
diction, implying that at most 3 such solutions can exist. Then Theorem 
11.21 will be proven, since there are 4 choices of u. 

We will show that |^2| is arbitrarily large in relation to |^i|. By (l30l) 
and (EH), we know that |^i| is large and hence |^2| is arbitrarily large, a 
contradiction. 

Lemma 10.1. Let F{x,y) be the quartic form. Suppose that {xi,yi) and 
{x2,y2) di^G 2 pairs of solutions to \F{x,y)\ < h, both related to uj, a fixed 
fourth root of unity. Put C,j = C,{xj,yj). Assume further that either 

(i) F{x,y) is the quartic form in Theorem with 
or 

(ii) F{x,y) is the quartic form in Theorem \l.l\ with I > 135 and 
(40) 0.39 /i^^/^J^/^ < Kil < 161- 

Then, for each positive integer r, 

161 > — ""^^ — (9v/^)--ieir^^^ 

Proof. We will use the upper bound fl^ for case (i) and the upper bound 
(H0|) for case (ii). Note that (140|) is a generalization for the upper bound 
fl30l) obtained to treat the equation \F{x,y)\ = 1. By ([28]), l^sl > — ?ttW4- 
This implies 

Therefore, by (|3T]) or (j40l) and from the fact that |y44| < 4/, we obtain 

ci(i,o)|ein6r'<o.oi 

Lemma [8.11 implies that Si^o 7^ 0. So we may apply Lemma [9. II to get 
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One may now conclude 

This proves the lemma for r = 1. Moreover, we may conclude that 

18/ii°0F X 16 X (5 X 27)3 \A^\ fwmr^V 1-12 

Since \Ai\ < 4/ , by ([3l]) or (gO]) we have 

ci(2,0)|6ri6r'<0.1. 



Via Lemmas 19.11 and 18.11 we obtain 



This leads to the proof of the Lemma for r = 2, after substituting the value 
of 02(2, 0). To complete the proof, we use induction on r. Suppose that for 
some r > 2, 

161 > — ""^^ — (9v/^)--ieir^^^ 



Then 

ci(r + i,o)ieir+^i6r'< 

18^X 273|A|/.^-^^ (9v/37R^)"|e.| 

By (EI]) or (iO]), we have 

ci(r + l, 0)16^^+^161"' < 0.1. 
If S^+i^o 7^ 0, then by Lemma [9. 11 

C2(r + l,0)|ei|-^(^+^)-^|6l > 0.9. 

Hence, 

0.9 , ^ 



-8r-4 



C2(r + 1,0) 



1/2 



> 27 /.--3 l^^^j (9^3/) le.l . 

If, however, Sr+1,0 = 0, then by Lemma[H21 both and Sr+2,1 are both 

non-zero and by Lemma [8?H we have r > 5. Using the induction hypothesis, 
we get 

ci(r + i,i)ieir+l6r'<o.oi 

and thus by Lemma 19.11 (fTTj) and (!30|) , we conclude 

„ I 1 iMt |-4r-4|t I ^ n nn 
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So, we obtain 



161 > — ' 9V3/|A4| le 

' ' 27/i2^'+2|3A4'''' ^ V I 4i; ic. 



1 1/4 

Consequently, ci(r + 2, 1)|6|^'"^^|6|~^ is less than 

2 X 27 (3 IA4I) (9^31 1^4 

42r+i(^ + l)v/(r + l)(r + 2)|Ao 
A final application of Lemma 19.11 implies 

C2(r + 2, 1)161-^^-^161 > 0.9 



6r+3 

-161"''"^ < 0.1. 



or 



It follows that 



n 9 

> c.(r + 2, 1)1^^1 • 



Since |6| > 4/9/«/i"/^ |^4p^^ we conclude that 



27 , , |i/2\ ^'-^ 



|4r+7 



□ 



11. Forms With Small Discriminant 



To finish the proof of Theorem 11.11 we need to study the quartic forms 
F{x, y) = aox'^ + aix^y + 02X^7/^ + a^xy^ + a/^y^^ with < Ji? < 135 and 
Aq = 3(8aoa2 - 3af) < 0. 

We followed an algorithm of Cremona, in Section 4.6 of [9j, which gives 
all inequivalent integer quartics with given invariant / and J = 0. Using 
Magma, we counted the number of solutions to 

\F{x,y)\ = l, 

for all reduced quartic forms F with Ip < 135 and Jp = 0. Regarding (x, y) 
and (—X, —y) as the same, we didn't find any form F for which there are 
more than 4 solutions to F{x, y) = ±1. Our programming was not efficient 
in the sense that it solves more than one equation from some equivalent 
classes. While reading the earlier versions of this paper, the referee has 
verified these computations in a very efficient way and kindly shared his 
results with the author. The following table contains all representatives of 
the complete set of binary forms F with Ip < 135 and Jp = that split in 
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F{ 


x,y) 




If 




-x'^y - 


6x^y'^ + xy'"^ + 


51 


4 

X 


+ 2x^y - 


- 6x^1/2 — 2xy^ + 


60 


4 

X 


- 12x^y 


2 + IQxy^ - Ay^ 


96 




+ 8x^y - 


\- 6a;2y2 _ 4a;y3 _ 


108 


X^ 


+ x^y — 


15a;2?/2 + ISxy'^ — Ay* 


123 



are representatives of the complete set of binary forms F with Ip < 135 
and Ji? = that spht in M. To solve the Thue equations F{x,y) = ±1 for 
forms F in above table, we may also use PARI since all of the binary forms 
in the table are monic. 
If 

F{x, y) = x"^ — x^y — 6x^y^ + xy^ + 
then Ip — 51 and the solutions are: 

(-1,0), (0,1), (1,2), (-2,1). 

Note that we can write 

Fix, y) =x* - x^y - 6a;V + xy^ + v'^ = ^"^{x, y) - 'q'^{x, y), 
so that giM) = £^ and we have ^^f^ = i, ^ = = _3±4i 

^(x,y) x+iy U-1,0) ' C(0,1) - ^(1,2) 5 

and = ^-g^. This means (^1,0) is related to c<j = 1, (0, 1) is related 

to u; = —1, (1,2) is related io uj = —i and (—2,1) is related io uo = i. 
Therefore, related to each root of unity there is one pair of solution. 

If 

F{x, y) = x'' + 2x^y - 6x^y^ - 2xy^ + y"^ 
Then Ip — 60 and the solutions are (1, 0) and (0, 1). 

If 

F{x, y)^x*- I2x^y'^ + l&xy^ - Ay"" 

then Ip — 96 and 

F{x,y)^l 

has 4 solutions (5, 2), (1, 3), (1, 1), (1, 0) and the equation 

F{x,y)^-l 

has no solution. 
If 

F{x, y) = + %x^y + Qx'^y'^ - Axy^ - 2y* 
then Ip — 108 and the solutions are (1, 0) and (—1,1). 



If 
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then If = 123 and the solutions are (1, 1) and (1, 0). 
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